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In Russia, the main source of informationon orbital and ballisticcharacteristics of manufactured Earth satellites
is thecatalogof these objectsmaintainedby the SpaceSurveillanceSystem.Maintenanceof this catalogis performed
in real time by a complex automatic system, which includes a network of sensors and software tools for processing
acquired data in automatic and interactive modes. The general structure and characteristics of this system for
low-Earth-orbit satellites were � rst reported in February 1992 in Moscow at the conference on space debris and
were published in 1993 [Khutorovsky, Z. N., “Satellite Catalog Maintenance,” Space Studies, Vol. 31, No. 4, 1993,
pp. 104–114 (translated from Russian)]. In continuation of that publication, the issues of the design of the system
of software tools for automatic catalog maintenance are considered. Statistical decision theory is the basis for
the synthesis of this system (complex algorithm). Analysis of the informational ef� ciency of this algorithm under
real conditions is performed. It is demonstrated that the algorithm comprises two major components: primary
determination of orbits and tracking. These are two continuousprocesses permanently interacting with each other.
The character of this interaction is determined by the time–spatial pattern describing situations when the special
“informativity” condition for the measurements is disturbed. A very general outline of these processes, following
from the theory, is de� ned. Then the implemented algorithms for primary orbit determination and tracking are
described. The methods of statistical decision theory under conditions of various types of a priori uncertainty are
used in the synthesis of these procedures.

I. Introduction

W E brie� y describetheprocessof dataacquisitionandprocess-
ing that is the basis of catalog maintenance for low-perigee

satellites. Detection radars continuously scan certain domains of
space and transmit the signals that are re� ected from any resident
object in space.When the re� ectedsignalexceedsa certainthreshold
value, the mark or single measurement is generated. When a set of
such excesses for different radar scans is generatedfor an object, the
primary determinationof its track normally occurs, i.e., track detec-
tion. When the determined track is further con� rmed by new single
measurements, radar tracking takes place. It is continued until the
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satellite either leaves the radar � eld of view or is lost. In the course
of radar tracking, the single measurements are smoothed, and the
measurementor observationof satellite orbital parameters is gener-
ated. This completes the control over the satellite orbit for one pass
through one radar � eld of view. The duration of this process for
low-perigee satellites ranges from several seconds to 10–20 min.

Immediately after acquisition, the measurements (orbital ele-
ments) are forwarded to the Space Surveillance Center (SSC) re-
sponsible for monitoring the satellites’ orbital motion for the du-
ration of their orbital life, which may be many years. For each
measurement entering the SSC, the primary task is to determine
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if the satellite that produced it already exists in the catalog, i.e., the
task of measurement assignment must be completed. As a result,
the measurementbecomes either correlatedwith a certain cataloged
satellite or remains free (uncorrelated).

The correlatedmeasurementsupdate the orbitalparametersof the
satellites that have produced them, i.e., the task of orbit updating
is accomplished.When the correct separationof measurements and
the update of the orbital parameters for a certain satellite occur on
a regular basis, the satellite is monitored or tracked. When the � ux
of the observations for a satellite ceases or becomes signi� cantly
sparse, the tracking of the satellite also may cease. Then break of
tracking occurs.

The uncorrelated observations are involved in orbit detection
(later we will designate this process as detection or primary orbit
determination in contradistinctionto radar tracking). The detection
process is essentialbecause the accuracy of the orbit determined on
the basis of one pass through the radar’s � eld of view (the accuracy
of one observation) as a rule is not suf� cient for reliable correlation
of furthermeasurements.The primaryorbitdeterminationintegrates
several measurements of the satellite track, and the resulting more
accurate orbit will ensure ef� cient correlation of future measure-
ments.

The new orbit (if reliable enough) may be either the orbit of a
previously cataloged (tracked) but now lost satellite or the orbit of
a new object. The task of the orbit identi� cation algorithm is to de-
termine which is the case. If the identi� cation is successful, the data
on the lost satellite are renewed, and its tracking is recovered. Oth-
erwise, the primarily determined orbit is entered in the catalog as
the orbit of a new satellite that will further participatein the tracking
process.During the � rst phase of this process, the preliminarytrack-
ing, the origin of the satellite must be determined; i.e., the satellite
identi� cation task must be performed.

The described scheme of processing the measurements for main-
tenance of the satellite catalog is natural and seems to be quite
reasonable. However, its ef� ciency is the issue to be investigated.
Proper investigation must include the study of the initial data and
the conditions for catalog maintenance.Then the most general for-
mulation of this problem must be given, and the relevant solution
suggested. Further, this solution is to be shaped into a realistic and
ef� cient algorithm. All of these issues are the subject of this pa-
per, which is a continuation of Ref. 1. Sections II and III consider
the initial data and conditions. These are the characteristics of the
sensors and of the features of the motion of the space objects mon-
itored by these sensors. The structure of the algorithm for catalog
maintenance is the subject of Sec. IV. Sections V–VII consider the
components of this structure.

II. Observations and Their Errors
The main sources of the data for cataloging satellites are the de-

tection radars that are located in the territoryof the former Union of
SovietSocialistRepublicsin thenear-boundaryandcentralregions.2

In a single observation,the radar receives target marks (single mea-
surements) of range D, azimuth", elevationangle° , and sometimes
the radial velocity PD in the local radar’s coordinateframe.The origin
of this coordinateframe is the conditionalpoint of radar location. D
is the distancebetween the origin of coordinatesand the object; " is
the angle between the direction to the object and the direction l in
the horizontalplane,which passes throughthe originof coordinates;
and ° is the angle between the horizontal plane and the plane de-
termined by the position of the object and the direction l. Vector l is
normal to the main (central) direction of the radiation. It is directed
to the right, as we look along the radiation. Note that the described
coordinate frame is different from the usual topocentric spherical
coordinate system. The angles are switched, and the reference di-
rection for the readingsof the azimuth is the main direction of radar
radiation (not the direction to the north). This choice is convenient
for the radars, which measure the azimuth with signi� cantly better
accuracy than the elevation angle. Actually, the angle " is close to
the azimuth directly measured by the radar, and the error of its de-
termination is in fact the error in azimuth. On the other hand, the

usual spherical azimuth depends on the elevation angle measured
by the radar, and thus, the error of its determination is greater.

An observation is a six-dimensional vector of positions and ve-
locities x D .D; "; ° ; PD, P"; P° / D .x1; x2; : : : ; x6/, resulting from
the smoothing of single measurements within time intervalsnot ex-
ceeding 50–100 s. A radar observation x contains information on
the orbit a of the satellite that has produced it because

x D f .a/ C ±x (1)

where f .a/ represents observation components as a function of or-
bital parameters and ±x is observation error.

For development of the observations’processingalgorithms, the
accepted model of observation errors is of major importance; its
accuracy determines the quality of the catalog maintenance.Obser-
vationerrorsnot correspondingto theacceptedmodelandexceeding
tolerable limits will produce various undesirable effects. The � rst
is that the observation may not be attributed to the proper satellite,
thus becoming uncorrelated. In this case, we will have many de-
bris observations in the � le of measurements used for the primary
determination of orbits, which results in a decrease of detection
characteristics (increase of both detection interval and the proba-
bility of generating false orbits). The second is that the observation
can disturb the orbit to which it is correlated. In this case, future
observations of this object can be completely or partially missed,
which results in a break of tracking.

The following model is used.
1) The quantity ±x is

±x D ±xn C ±xa (2)

where ±xn and ±xa are normal and abnormal components, respec-
tively, ±xn D .± Dn; ±"n , ±°n; ± PDn , ± P"n; de P°n/ and ±xa D .± Da; ±"a ,
±°a ; ± PDa ; ± P"a , ± dot °a/.

2) Normal component ±xi;n is present in each radar parameter xi .
It has Gaussian distributionwith the mean m i and root-mean-square
deviation ¾i .i D 1; 2; : : : ; 6/. Generally speaking, parameters m i

and ¾i are not known. However, they satisfy the conditions m i ·
m i;max and ¾i · ¾i;max, where m i;max and ¾i;max are known constants.
The speci� c values depend on the type of the radar and normally
lie within the intervals: 0:1 ¥ 1 km for the range, 1 ¥ 100 min for
angular components, 0:001 ¥ 0:1 km/s for radial velocities, and
0:01 ¥ 1 min/s for angular velocities.

3) Abnormal component ±xi;a satis� es the conditions ±xi;a À
±xi;n and j±xi;a j · ±xi;max , where ±xi;max are known constants. The
probabilitydistributionis not known, as a rule. The error ±xi;a is not
always present in the measurement. It appears with certain proba-
bility pi;a ¿ 1.

Some characteristicsof this model are noted as follows.
1)The systematicerror in thevalueofm i of thenormalcomponent

canbe comparableto the root-mean-squaredeviation¾i andcaneven
exceed it.

2) The probability of abnormal error in any of the radar compo-
nents, as a rule, does not exceed 0.1.

3) Out of 64 possible combinations,21 combinationsof the com-
ponents of the six-dimensional vector x can be abnormal simulta-
neously [to be exact, one or two components,with exception of the
combination .D; "/, or three velocities].

4) The number of abnormal components is not more than three.
5) Parameters m i and ¾i depend on time, coordinates in the radar

coordinate frame, and the size of the observed object.
6) The values m i;max , ¾i;max , and ±xi;max for each radar are chosen

to ensurea 0.001 level for the error of the model. That means that not
less than99.9%of the realmeasurementshaveerrors, corresponding
to this model.

This model is used in making all the decisions in the process of
catalog maintenance and is the key element of this procedure.

Various radar parameters are not equal in accuracy. The most ac-
curate are the measurements of the range. Azimuth and elevation
errors when transferred to linear values are usually much greater.
The same relationship is valid for velocity components. Thus, for
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coordinate systems signi� cantly different from the radar coordi-
nate frame (for example, a rectangular frame or any sort of orbital
elements), correlation between various parameters of observation
occurs, and the model becomes more sophisticated.

The probabilityof the presenceof abnormal errors does differ for
various radar parameters. The most consistent is the range. Most
susceptible to disturbances are the least accurate parameters: the
elevation angle and the respective velocity. This also increases the
sophistication of the error models for coordinate frames different
from those in which the observations are obtained.

Thus, in the catalog maintenance procedures, the principal cal-
culations involving observations are ful� lled in the radar coordi-
nate frame. This decision makes the entire algorithm much more
complex. Certainly the processing of observations after their trans-
formation to orbital elements, for example, is easier. However, the
arising informational losses are great.

Note that among the six orbital elements the following three can
be accurately determined using one observation:orbital inclination
i , longitude of the ascendingnode Ä, and the orbital period T . The
root-mean-square deviation of the errors in determination of i; Ä,
and T using one measurement is of the order of 1% of the measured
value (for meter-sized satellites), i.e., approximately 1 deg for i ,
1± for Ä, and 1 min for T . For decimeter-sized objects, the errors
are greater, for example, the errors in T are on average � ve times
greater.

III. Satellite Motion
The observed objects move in near-Earth space. For creation of

a catalog maintenance algorithm, the model of this motion must be
de� ned.

The orbitalparametersa ofa satellitesatisfya systemof � rst-order
differential equations of motion, a.t/ D U[a.t ¡ ¿ /; ¿ ]. The func-
tion U.a; ¿ / is not known completely, and in practice approximate
relationships U0.a; ¿/ that de� ne the speci� c prediction algorithm
are used.

The prediction errors V D a.t/ ¡ U0 have two origins: incom-
plete accounting of perturbing factors and insuf� cient knowledge
of the factors themselves. The errors arising due to the � rst reason
can be virtually avoided, using accurate methods of approximate
integration of the differential equations. Reduction of errors origi-
nating from the second reason is possible only by enhancement of
our knowledge of the needed perturbating factors.

The major errors in the prediction procedures3 are of the sec-
ond type and are caused by insuf� cient knowledge of the at-
mospheric density. These errors are of random character, and to
the � rst approximation can be described4 by a Gaussian process
with the mean equal to zero and the matrix correlation func-
tion Q.¿1; ¿2/ D M[V.a; ¿1/V 0.a; ¿2/]. The knowledge of statistical
characteristicsof the errorsof atmosphericperturbationsis not com-
prehensive. Their root-mean-square values depend on the altitude
and the statusof the atmosphere.In a calm conditionfor altitudesup
to 500 km, their magnitude is of the order of 1–10% of the perturba-
tion itself. Correlation interval ranges from several hours to several
days.

Thus, the following model of objects’motion is used in the algo-
rithms of catalog maintenance:

a.t/ D U0[a.t ¡ ¿ /; ¿ ] C V[a.t ¡ ¿ /; ¿ ] (3)

Correlation relationships between prediction errors for various
moments for a certain satellite, as well as for various satellites, are
of substantial importance. The technique used to take them into
account will be considered in Sec. VI.

IV. General Composition of the Algorithm
In general, the task of catalog maintenance can be formulated as

follows.Given the set of observationsX D .x1; x2; : : : ; xn/ produced
by all sensors during the given time interval, determine the number
of observedsatellitesk and estimate their parametersa1; a2; : : : ; ak .

This is statistical decision problem. Reference 5 describes the
mathematical technique used to � nd the solution. We will present
only the � nal result without treating the mathematical details. The
required solution obtains the minimum of the functional

W Â; a1; a2; : : : ; ak.Â/ D
k.Â/

l D 1

9l.Xl; al / (4)

where Â indicates a certain choice of assigning the observations
to the satellites (arrangement), Xl D .xl1 , xl2 ; : : : ; xlml

/ is the set
of observations attributed to lth object according to arrangement
Â; k.Â/ is the number of objects in arrangementÂ; m1 Cm2 C¢ ¢ ¢C
mk D n is the total amount of observations, and W l.Xl ; al / is a
functional that describes the closeness between the chosen set of
observations Xl and the parameters al of the lth object. The non-
linear maximum likelihood function W l.Xl ; al / is

W l .Xl ; al/ D [Xl ¡ Fl .al/]
0M¡1

l [Xl ¡ Fl.al /] (5)

whereFl .al / is the6ml -dimensionalvector,de� ning the relationship
between the parameters of observations Xl attributed according to
the arrangementÂ to the lth object and the orbital parametersof the
lth object for time t . Superscripts ¡1 and prime denote inversion
and transpositionof a matrix, respectively.Here

.Ml/i j D Kli ±i j C
@F al tli

@al.t/
Ql ¿li ; ¿l j

@F al tl j

0

@al.t/
(6)

where Ml is a 6m l £ 6m l square matrix, whose elements character-
ize the integral errors of the observationsand the orbital parameters
propagation for the times tl1 ; tl2 ; : : : ; tlml

of the observations xl1 ,
xl2 ; : : : ; xlml

; Ql .¿1; ¿2/ is the correlation function of the prediction
errors along the track of the lth satellite; Kli is the correlation ma-
trix of observation errors Xli ; and ±i j is Kronecker’s symbol. The
functional (4) is minimized in all its arguments.

The trivial solution k D n, which provides an absolute minimum
of W , equal to zero, always exists. Thus, without additional condi-
tions the problem is mathematically degenerated.

The considered task has a speci� c feature that may be called the
“informativity” condition for the observations. The condition is as
follows. Using all of the informationcontained in the measurements
of a certain satellite, its orbit can be determined with such accuracy
that no alien observationswill correlate with it. Formally this infor-
mativity condition can be presented as

W . QX; amin/ ¿ W QX; x¤; amin (7)

where amin is the point that minimizes the functional (5), which is
determined using only the observations QX correspondingto this ob-
ject, and W . QX; x¤; amin/ is the value of functional (5) for the point
amin with an account of its own measurements QX and alien mea-
surement x¤. If the informativity condition is satis� ed, we need to
minimize the functional (4) considering only the arrangements Â
that correspond to this assumption. Thus, multiplication of orbits
is avoided. The informativity condition ensures the existence of the
unique (true) arrangement Âtr that gives the conditional minimum
W dominating all of the others. Let the informativity condition be
valid and the required solution be obtained for a certain moment.
Then, when processing newly appeared observations, we have no
need to changeourdecisionsregardingthe observations-to-satellites
arrangement. Thus, the task is reduced to assignment of the new
measurements to existing objects and subsequent updating of their
orbits using the respective measurements.

For each new observationx, the decision is made independently.
Observationx is attributedto theobjectl¤ thatprovidestheminimum
value min.al / W .Xl ; x; al /, i.e.,

l¤ D arg min
l

min
al

W .Xl ; x; al / (8)

where Xl is the set of observations previously attributed to the lth
object. If the number of satellites is k, then to solve the task we
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have to perform k minimizations of the maximum likelihood func-
tional (5) and � nd the minimal one. This procedure is called the
tracking algorithm. It is described in more detail in Secs. V and VI.

In practice the considered situation is typical, but not permanent.
For some time intervals (tbeg and tend) and domains D of the para-
meters, the informativityconditionis notvalid.This canbe the result
of the gaps between observations and the arrival of new satellites.

When local and short breaks of the informativityconditionoccur,
the use of the trackingalgorithmmay result in false decisions.These
decisionswill consequentlyproduceundesirableeffects:missed de-
tection of new satellites or breaks of tracking for cataloged objects.
The following procedure is needed to avoid the mistakes. Separate
the measurementsx 2 D; t 2 .tbeg; tend/ that do not satisfy the infor-
mativity condition. These measurements are accumulated without
makingany decisionsuntil the time tend, when the informativitycon-
ditionwill be satis� ed again.Then the minimumof the functional(4)
is determinedusinganexhaustivesearch throughthe set of measure-
ments separated to satisfy Eq. (7). This procedure is called primary
orbit determination.The observationsused in this process are called
uncorrelated.Techniques for selection of uncorrelatedobservations
are described in Sec. VII.

The orbits determined on the basis of uncorrelated observations
may be either orbits of untracked, uncatalogedsatellites or orbits of
previously tracked cataloged satellites. This classi� cation is done
by a procedure called the orbital identi� cation algorithm. The � nal
stage, preliminarytrackingof new satellites,results in � nal approval
of their reliability, determinationof their origin, and their transition
to the status of regular tracking.The completeprocedureof process-
ing uncorrelated measurements and the newly determined orbits is
called the detection algorithm.

Thus, the general algorithm of catalog maintenance consists of
two main components:the trackingalgorithmand thedetectionalgo-
rithm. These are two continuousprocesses,permanently interacting
with eachother.This interactionis determinedby a spatial– temporal
pattern, characterizing disturbances of the informativity condition
for the observations.

V. Preliminary Correlation of
Measurements and Objects

As mentioned in the preceding section, for each new measure-
ment x we must � rst identify the satellite that produced it. The cor-
responding decision-making procedure was described in Sec. IV.
The decision made by this procedure will be correct only when the
informativitycondition is satis� ed. If this condition is not satis� ed,
the produceddecisionmay be false, but can be changedin the course
of furtherdata processing.Therefore,this algorithmshouldbe called
preliminary correlation of observationswith tracked satellites.

We have the following approximate relationship:

min
al

W l .Xl ; x; al / ’ min
al

W l .Xl ; al / C ql .z/ (9)

where z D x ¡ fl. Oal/ is the difference between the observation and
its estimation, based on the orbit of l th object; fl.al/ is the rela-
tionship between the parameters of observation x and the orbital
parameters al of the lth satellite; Oal D arg min.al / W l .Xl ; al / is the
estimation of the lth object orbit, based on previous observations;
and ql.z/ is a quadratic form of the type

ql .z/ D z0 K C
³

@fl . Oal /

@al

´
Rl

³
@fl . Oal /

@al

0́ ¡1

z (10)

where K and Rl are covariance matrices of errors x and Oal and
[@fl . Oal/=@al ] is the matrix of partial differentials of measurement
parameters with respect to the orbital parameters for the point Oal .

Note that if the relationships describing the parameters of the
observationsas functionsof orbitalparametersand predictedorbital
parameters are linear, and no time correlation of observation errors
and prediction errors existed, we would have precise equality in
Eq. (9). Because the actual situation is different no precise equality
is in place. However, the smaller the observation and propagation
errors, the more accurate is the equality in Eq. (9).

The matrix K C [@fl. Oal /=@al ] Rl [@fl. Oal/=@al ]0 is the covariance
matrix of the vector z, thus the quadratic form (10) is the normal-
ized distance between the observed and the evaluated (based on
previously related lth satellite data) parameters of observation x.

As follows from Eq. (9), the algorithm for making correlation
decisionsregardingobservationx, describedin Sec. IV, is reducedto
calculatingquadraticforms (10) for all trackedcatalogedobjectsand
choosing the minimal of them. This proceduredoes not correspond
to the real situation because it does not take into account breaks in
the informativitycondition(7) and the existenceof abnormalerrors.

To account for the � rst of the factors we provide for 1) the pos-
sibility of a negative correlation decision for the observation and
the closest [in the sense de� ned by Eq. (10)] satellite and 2) the
possibility of removing from the tracking process the satellites not
updated for a long time.

We can realize provision 1 by making a negative correlation de-
cision if min.l/ ql[x ¡ fl . Oal /] > c.®/, where c.®/ is the threshold,
determined by the possible probability ® of missing correlation
(® ’ 0:001/. These measurements become uncorrelated.Note that
normally c.®/ is chosen within the limits 10–100.

The accuracy of the position determination (de� ned by the errors
of propagating the element set to the current moment) is analyzed
periodically for all satellites. When these errors for an object ex-
ceed the given threshold, correlation of the observations with this
object stops. (The threshold value is determined by the density of
the satellites,observed in space. We choose it within the range 500–

2500 km that corresponds to the 1–5 min range for errors in time.)
These objects are then eliminated from the tracking process.Track-
ing of these objects is resumed only when they are identi� ed as one
of the newly detected satellites.

The decision functiondependson parameter®, the probabilityof
not correlating the measurement to its own satellite.Let us consider
the choice of ®. The result of missing the observationcan be signi� -
cant. The missed observationmay neverbe correlated to its satellite.
If it becomes uncorrelated it will become a wayward measurement,
producingdif� culties in the detection of new objects. If many mea-
surements of this type occur for a certain satellite the break of its
tracking can occur. Therefore, the smallest value of ® must be the
goal. In fact, the value of ® has the lower limit, determined by the
accuracy of the model of observation errors. The observation error
model, described in Sec. II has the error ¼0.001. Hence, we will
require ® D 0:001.

In Sec. II, we mentioned that ¼10% of the measurements are
abnormal. Using ® D 0:001 only 1% of them can be missed in the
measurements-to-satellites correlationprocess. That means that the
gatesused in the decision functionmust be broad enough.However,
the broader the gates, the greater is the probability ¯ of assigning
the measurement to an alien (wrong) object. The false correlation
can happenwhen the informativitycondition is disturbed,for exam-
ple, by the presence of observationsgenerated by the satellites that
are not detected yet, but are close to the tracked objects. However,
the losses due to incorrectly correlated measurements are as a rule
smaller than the losses caused by the missed observationsbecause
the individual incorrectly correlated measurements can be selected
further in the course of tracking (see Sec. VI.D).

Now we will consider the issues related to the account of the ob-
servationerrors model, described in Sec. II. The minimax approach
is the basis here.6 The rationale for the use of this approach is as fol-
lows. The statisticaldescriptionof abnormalerrors is not known;we
are aware only of their maximal values. However, even under these
conditionsthe correlationalgorithmmust ensure that the probability
of missing ® is less than required. Thus, the requirement of small ®
is to be ful� lled for any abnormal errors, including their maximum
values that produce the greatest losses in the quality of the decision
making process.These greatest losses are minimized by optimizing
the decision function. This is the task for the minimax approach.

The foundationsof the statisticaldecisiontheory foundations6 are
not described here; the decision function of the algorithm will be
described.Let N D fxng and A D fxag be the sets of possiblecombi-
nationsof normal and abnormal componentsxn and xa (elements of
these sets), the speci� c combinationsof normal and abnormal com-
ponents of the observation vector x. As we mentioned in Sec. II,
the number of elements in the sets N and A is equal to 21, and the
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number of components in each element A does not exceed 3. Let
L D flg be the set of objects for which the differences zi from the
parameters xi of the observation x are tolerable, i.e.,

jzi j · k ¢ ¾ 2
xi

C ¾ 2
xi j l

C ±xi;max; i D 1; 2; : : : ; 6 (11)

where ¾xi and ¾xi jl are the root-mean-square deviations of normal
errors in the measured and determined according to the lth object
orbit parametersof the observationx, ±xi ;max are the maximal values
of possible abnormal components of the errors in the observation
x, and k is the constant, de� ned by tolerable probability of missing
the correlation.(The value k D 3 ensures the requiredprobabilityof
missing.)

Then the observation x is considered uncorrelated if

min
l 2 L

min
xn 2 N

ql .xn ¡ xnj l / > c.®; n¤/ (12)

where xnjl is the estimation of the normal components xn based on
the parameters of the lth object; c.®; n¤/ is the threshold depending
on required probabilityof missing the correlation® and the dimen-
sionality of the normal components vector n¤ and correspondingto
the � rst minimum of Eq. (12) [c.®; n¤/ ¼ 10n¤]. Otherwise, the
observation x is correlated to the object l¤

l¤ D arg min
l 2 L

max
xn 2 N

ql .xn ¡ xn j l / (13)

To determine this decision function for one object, 21 matrices
with dimensions from 3 £ 3 to 6 £ 6 (according to the number of
possiblecombinationsof normal components)must be inverted;this
is not convenient.However, the procedurecan be essentiallysimpli-
� ed without noticeable losses in ef� ciency. The greatest dif� culty
to overcome is the essential correlation between the components of
vector z caused by signi� cant errors in time due to the propagation
of the orbit to the moment of observation.For such cases these cor-
relations must be taken into account, otherwise the errors of false
correlation ¯ will signi� cantly increase.

The accounting for the correlation is done as follows. When we
considering the space of the correlation parameters z D x ¡ fl. Oal/,
the nonlinear transformationz ) Qz of stochasticvector z is ful� lled
when the components of the resulting vector Qz become slightly cor-
related. This transformation is the removal of the error in time ±¿
from the parametersof the objects,using the most informativecom-
ponent of the observation (as a rule, range).

The transformation is ful� lled as follows. The parameters of the
satellite aspiring to the observation x are propagated to the point
where the calculated and the measured values of the most infor-
mative component, i.e., the component providing the most accurate
estimation of ±¿ , of observationx coincide. In case we have several
such points within the revolution, we will choose the one that will
provide the minimum residual for the other informative component
of the observation (usually, if the most informative component is
the range, the second one is the azimuth).

Denote ± O¿ the differencebetween the time to which we are prop-
agating and the time t of the observation x (estimation of the time
error in orbital parameters for the moment of the observation), and
denote fl . Oal , ± O¿ / the components of the observation,calculated us-
ing orbital parameters for the time t C ± O¿ . Then the vector Qz is

Qz D .x ¡ fl . Oal ; ± O¿/; ± O¿/ D .Qz1; Qz2; : : : ; Qz6/ (14)

The vector Qz is six dimensional because one of its components,
used for removal of the temporal error, is equal to zero and is not
considered anymore. The decision function [Eqs. (12) and (13)] is
now essentially simpli� ed.

The observation x and the lth satellite are considered correlated
when any of the combinationsof inequalities

Qz2
i · k2 ¾ 2

Qzi
C ¾ 2

Qzi j l
(15)

corresponding to the possible set xnor of normal components are
satis� ed, and the inequalities

jQzi j · ± Qzi;max C k ¢ ¾ 2
Qzi

C ¾ 2
Qzi j l

(16)

arevalidforotherabnormalcomponentsxa [with respectto Eqs. (15)
and (16) for all of theparameters,except± O¿ D 3 and ± Qzi;max D ± Qxi;max;

for ± O¿ in Eq. (15), k ranges from 3 to 100 depending on the assess-
ment of the status of the atmosphere (see Sec. VI.F), and the right
side of Eq. (16) is 300 s]. If an observation is correlated to several
satellites, we choose the satellite corresponding to the minimum of
the quadratic form

Qql D
6

i D 1

Qz2
i

¾ 2
Qzi

C ¾ 2
Qzi j l

(17)

calculated using all six components of the vector Qz.
The presented algorithm is simple and physically clear. Finally

we will treat some issues of its implementation in practice. Direct
calculations according to this procedure require a lot of computa-
tion. To reduce operations, the rough selection of satellites surely
incapableof producingthe measurementx is donewithoutrequiring
precise propagation.First, we use the inclinationi and the longitude
of the ascendingnodeÄ calculatedusing themeasurement(� rst step
of thecorrelation). Then,we ful� l the intervalgating for the most ac-
curate parametersof the observationusing a rough predictionof the
candidateorbit to the moment of the observation(second step of the
correlation). The propagationprocedureused here is the polynomial
propagation with a transformation (under Kepler’s approximation)
into radar coordinates D; ", and ° . Note that the coef� cients of this
polynomial for each satellite are calculated after the update of its
orbit and are stored in the catalog.The techniqueof this calculation
is as follows. The evolutionof the mean elements ¸; L; µ; Ä; e, and
! is approximated by the polynomials of given order within the
interval 1. The value 1 ¼ 1¡10 days and depends on the decline
of orbital period per revolution. The order of the polynomials is:
the fourth in ¸, the third in L and e, and the second in µ; Ä, and
!. The approximation uses the values of the mean orbital elements
(calculatedusing precise prediction) for severalmoments within the
interval (t ; t C 1), where t is the epoch of updated elsets. The ap-
proximationis ful� lledusingthe least-squarestechnique.Last, to the
third step of the correlationwith the observationx, only the satellites
selected at the two preceding steps are forwarded, where the earlier
describedminimax decision functionand precise predictionis used.

Under the condition that the required probability of missing the
correlation is 1–2 orders of magnitude less than the frequency of
the rough measurements, this scheme is not fast enough. The fol-
lowing is used to make it more effective. Correlation is ful� lled in
three passes. For the � rst pass we use narrow gates in i and Ä, of
the order of 1 ¥ 2, not suitable for correlating rough measurements.
But ¼90% of the measurements will be correlated. Uncorrelated
measurements (¼10% of the total amount) are forwarded to the
second pass, where they are selected in i and Ä using gates of
the order of 10 ¥ 20, suf� cient for the majority of rough measure-
ments. Measurements uncorrelated at the second pass (¼1% of the
total amount) are subjected to the third pass, with no selection in i
and Ä.

This is the general composition of the algorithm of preliminary
correlationof observationswith the tracked catalogedsatellites.Re-
call that if the informativity condition is not valid, the obtained de-
cision may not be true. The mistake can be corrected later when
new observations of the satellite miscorrelated with this observa-
tion arrive. The relevant procedure is described in the next section.
However, in case the observation produced by the cataloged object
failed to correlate any of them, it can � nd its parent satellite only
via the detection process described in Sec. VII.

VI. Updating of Orbits
Correlated observations are used to update the current element

sets of the satellites they are attributed to. This process is now dis-
cussed.

A. Minimized Function
The maximum likelihood functional (5) used for estimation of

the elsets on the basis of measurements is a quadratic form based
on the differencesbetween the observedand calculatedparameters.
The matrix of this quadratic form is not diagonal due to the time
correlation of the perturbations, which is not accounted for in the
propagation of orbits.

Direct accountof the correlationsaccordingto Eq. (5) is bulkyand
inef� cient; however, disregarding them will produce information
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losses. Theoretical and experimental studies resulted in the follow-
ing reasonableversion: the nondiagonalcomponentsof matrix M in
Eq. (5) are set to zero, and the effect of the correlation is provided
by processingnot only the observations,but the previouslyobtained
element sets as well. The resulting minimized functional is

U .a/ D
m

p D 1

[xp ¡ fp.a/]0.Kp C QK p/¡1[xp ¡ f p.a/]

C
r

q D 1

[aq ¡ aq .a/]0Paq [aq ¡ aq.a/] (18)

where x1; x2; : : : ; xm are the observations for the moments t1 ·
t2 · ¢ ¢ ¢ · tm correlated to the object; fp.a/ is the relationship be-
tween the parameters of observationxp and the object’s parameters
a; .Kp/i j D ¾ 2

x p ;i ±i j , where ¾ 2
x p;i

is the variance of errors for the i th
componentxp; . QK/i j D Q¾ 2

x p;i
±i j , where Q¾ 2

x p;i
is the variance of the or-

bit’s predictionerror for the time tp for the i th componentparameter
xp; and a1; a2; : : : ; ar and Pa1; Pa2; : : : ; Par are a priori (previously
evaluated or known from other sources) estimates of the elsets for
the times Qt1; Qt2; : : : ; Qtr and their weighting matrices. The number r
of these estimates usually is 1. (r D 0 is not used and r > 1 occurs
when the analyst introduces additional data on the object).

The vector a of orbital parameters is a seven-dimensionalvector
a D .¸; L , µ , Ä; h; k; s/, where .¸; L, µ; Ä; h; k/ is the element set
(see Sec. VI.B) and s is the ballistic coef� cient coordinatedwith the
used model of the atmosphere. The vector a is timed to the moment
tm of the last observation.

The functional (18) is a sum of the squares of the normalized
differences between observed and a priori data and, thus, is the
functionof the least-squaresmethod.Distinct from the typical least-
squaresmethod is that in the calculationof the weights (coef� cients
of the squares of the differences) the errors of the orbit prediction
are included along with the observation errors. These errors are
accounted for by correcting the varianceof the measured parameter
by the value of the variance of the neglected prediction procedures
perturbations.

Prediction errors increase as the propagation interval increases.
This results in the decrease of the observations’weights in Eq. (18)
when they grow older. The result is an estimation algorithm with
effective � nite memory. Thus, there is no need to use outdated mea-
surement data for orbits’ updating.

The previousestimate of the orbital parameters is usually used as
the a priori data. The weighting matrix of this estimate is diagonal,
with the elements being the inverse of the variances. Certain con-
stantsprovidelower limits for theelements,whosevaluesdependon
the decline of the orbital period per revolution and some other fac-
tors, determinedin the courseof the trackingprocess(see Secs. VI.E
and VI.F).

B. Prediction of Motion
Predictionof the motion, or calculationsof the orbital parameters

for arbitrary times, based on their values known at epoch is the
major calculation procedure, not only in the updating algorithm,
but in the catalog maintenance procedure as a whole. The accuracy
and speed of the propagators determine the overall feasibility and
characteristicsof the algorithm.

The prediction errors of the orbit prediction method must not
exceed the maximum of two values, the observation errors and the
potential real prediction errors, caused by the uncertainty in the
major perturbations.Also, the computationtime must be relevant to
the needs.

It is dif� cult to create the universal algorithm satisfying these
requirementsfor all possible situations.Therefore a packageof pre-
diction procedures was developed. The algorithms used for low-
Earth-orbit satellites and their characteristicsare treated in detail in
a previous paper.3 Here we present a brief description.

For satellites with small atmospheric drag, the propagation is
ful� lled by the analytical algorithm. The algorithm uses reduced
Delaunay’s elements ¸; L ; µ; Ä; h, and k, obtained from the stan-
dard Kepler’s elements M; a; i; Ä; e, and ! according to: ¸ D
M C!; L D

p
.¹a/; µ D cos i; Ä D Ä; h D e sin !, and k D e cos !,

where ¹ is the gravitational constant. The propagator includes all
signi� cant zonal and tesseral geopotential harmonics up to eighth
order (8 £ 8 � eld) and the static model of the atmosphere with pa-
rameters, depending on the levels of solar activity according to the
Russian model of the atmosphere.7 The formulas are derived us-
ing Brouwer’s method. Thus, periodic perturbationsfrom the zonal
harmonics are de� ned with the error ¼c3

20, secular with the error
¼c3

20tpr and tesseral perturbations with the error ¼e2 , where c20 is
the second zonal harmonic, tpr is the propagation interval, and e
is the orbit eccentricity. Time is used as the independent variable.
The algorithm is presented in compact recurrent form, having no
singularities for small eccentricities. In the vicinity of the critical
inclination (i ¼ 62:3 deg), periodic perturbationsare approximated
by secular. An ongoing calculations mode is implemented, saving
computationtime by using once calculatedand remembered secular
and long-periodiccoef� cients for propagatingthe same elements for
various moments. This is the primary mode used for updating the
orbits.

Propagation of near-circular satellites .e < 0:1/ with signi� cant
atmosphericperturbationsis performedby the numerical–analytical
algorithm using Delaunay elements and an 8 £ 8 geopotential,
and atmospheric drag is de� ned by a dynamic model of the upper
atmosphere.7 The algorithm is used for the entire time the satel-
lite is in the Earth’s atmosphere, except for the last days of orbital
life. The algorithm is based on the third-order Runge–Kutta inte-
gration of the Krylov–Bogolyubov averaged motion equations for
the doubly Brouwer-averagedorbital elements. Time is used as the
independent variable. The integration step varies from 1 to 5 days
depending on the time remaining in orbit. Within the integration
step, the elements are calculatedusing polynomial interpolation.To
reduce the computation time for calculating the atmospheric den-
sity, rather simple but suf� ciently accurate approximationsare used
together with special ongoing calculation modes.

Propagation of the motion for orbits with e < 0:1 for the last
days in orbit up to the moment of re-enteringis performedusing the
numerical algorithmwith a 6£2 geopotentialand atmosphericdrag
according to the Russian model.7 Adams method for Delaunay’s
osculatingelements is used. The major parametersof the procedure
(the integration step, the composition, and the order of accuracy)
are chosen empirically.

C. Minimization Technique
The search for the minimum of the nonlinear functional (18) is

an important calculation process. It is used not only in orbit updat-
ing, but in other parts of the general algorithm, particularly in the
detection procedures.

A specially developed combination of two classical techniques,
the Gauss–Newton method and the steepest descent method, is
used.8 The algorithm has three levels (zero, the � rst, and the sec-
ond), each of them using a speci� c technique for de� ning the step.
The transitions between the levels are performed using the scheme
0 ! 1 ! 2 ! 0 ! ¢ ¢ ¢. Transition to the next level occurs when
the decrease of the functional at the current level is less than 10.
Transition to the zero level always occurs after one step at the sec-
ond level (disregarding the initial and the � nal values of the func-
tional). Iterations always start from the zero level. Here either the
Gauss–Newton method is chosen or the fastest descent according
to the step of Gauss–Newton. The descent is prescribed when the
normalized step exceeds the threshold value. (Each of the param-
eters is normalized to the value equal to the expected maximum
error of its determination in the initial approximation.) Otherwise,
the step of Gauss–Newton is performed. When the descent method
is chosen, three steps are always ful� lled. For the � rst level, the
step of Gauss–Newton is always used. At the second level, the
Gauss–Newton step is made, followed by three descents (corrective
descents).

The investigationsrevealedthat in the scopeof our task thecorrec-
tions of the Gauss–Newton step by several sequentialdescentsoften
assist the convergencewhen Gauss–Newton and the fastest descent
techniques fail to be ef� cient. The mathematics of this inef� ciency
can be described as follows. Within the area of our interest, the
functional has one local minimum. The matrix of the second partial
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derivatives of the minimized functional is poorly de� ned, and the
directionsof Gauss–Newton and the descent lie within the subspace
of the eigenvectors of this matrix, corresponding to the least eigen-
values. Actually, when using the corrective descents, the following
situation occurs. The level curves of the functional have a ravine
structure, and the long step of Gauss–Newton takes us out of the
unfortunate domain. This step transfers us to the other side of the
ravine from which we can descend ef� ciently.

At all of the levels, the size of any step in the chosen direction
(descent or Gauss–Newton) is re� ned by minimization along this
direction.Such one-dimensionalminimization is performed in a set
of iterations.The procedure is as follows:

The evolution of the functional along the chosen direction is ap-
proximated by a third-order polynomial. The polynomial is deter-
mined using four points: the values of the functional and its deriva-
tive along the chosen direction for the initial and the � nal points of
the calculated step (of descent or Gauss–Newton). The point of the
minimumof the polynomialis determinedwithin the step.The algo-
rithm is rather simple and in fact means the solvingof the quadratic
equation.

Experiments have shown that often the abrupt variation of the
functional along the chosen direction is poorly approximated by
the third-orderpolynomial. Therefore, the minimum point is deter-
mined iteratively using the polynomial constructed for the smaller
interval. For the next iteration, the initial point of the interval re-
mains the same, and the minimum point of the polynomial is the
end of the interval. A maximum of three such iterations are made.
The iterations also terminate if the minimum is attained for one of
the ends of the interval.

The iterations stop in any of the following � ve cases:
1) The normalized Newton-Gauss step becomes smaller than the

thresholdand the relativevariationof the functionaldoes not exceed
the given value (we arrived at the minimum).

2) The certain number of iterations is completed and the absolute
value of the functional is less than the threshold value [we obtained
the orbit that inscribes (corresponds to) all of the measurements
participating in the updating process].

3) The maximum possible number of iterations is completed but
the conditions 1 or 2 are not satis� ed (the divergence).

4) For the fourth time we come to the second level (we are stuck).
5) In the iterative process, the values of the parameters have sig-

ni� cantly deviated from the a priori values, and the calculated val-
ues for certain variables are out of possible range (we left the right
way).

Only for the � rst two cases is the solution considered obtained.
The initial orbital elements used in the iterative process of the

minimization of the functional (18) are the parameters de� ned by
the last updating. For the great majority of cases, their accuracy is
suf� cient to provide convergenceof the iterative process. However,
sometimes convergence is not achieved. For these cases, the initial
parameters are those obtained by minimization of Eq. (18) in three
(out of seven) components of the vector a: the orbital elements ¸
and L and the matching ballistic coef� cient s. Note that this is not
suf� cient for orbit detectionwhere a special algorithmmust be used
(see Sec. VII.D).

For the majority of cases, calculationof the partial derivativesof
the observations’parameters with respect to the orbital parameters
needed for determination of the step8 is performed only for the
� rst iteration using the analytical formulas including the effect of
the second zonal harmonic and static atmosphere model. In the
courseof further iterations,they are not rede� ned. When thenumber
of observations m participating in the updating and the respective
time interval tm ¡ t1 are less than the prescribed values, the partial
derivativesare rede� ned for each step. For the last day of the orbital
life of a satellite (before reentry), they are numerically calculated
for each iteration.

D. Selection of Abnormal and Alien Observations
Breaks in the informativity condition and the existence of abnor-

mal observation errors complicate the orbit updating. Disregarding
these factors will inevitably result in disturbances in the tracking
process.

Abnormal and alien observations are identi� ed using the multi-
pass minimizationof the function(18) and selectingin each pass the
abnormal components of all of the observations using normalized
differencesbetween the observed and the estimated values. We will
treat this algorithmin more detail becauseit is one of the key aspects
of the tracking procedure.

Substantially abnormal components of the observation can dis-
rupt the orbit in the minimization process, thus complicating the
selection. Therefore they are identi� ed prior to minimization by
comparingthe squaresof the normalizeddifferenceszi =¾zi obtained
during the preliminary correlation of measurements and objects to
the high threshold (of the order of 100–10,000). At the � rst pass, all
of the previous, i.e., those which participated earlier in updating of
the orbit, observationsare used with the weights (coef� cientsof dif-
ferences’squares) obtainedby the precedingupdateof the orbit; i.e.,
the weights of those components of the observations that were con-
sidered to be abnormal at the last updatingare set to zero. It is better
to reduce the weightsof the abnormalcomponentsaccordingto the a
priori data on the maximum valuesof the abnormalerrors.However,
the roughestparametersof the observationsare most frequentlydis-
turbed. Thus, the chosen techniquedoes not produce informational
losses. In addition, the weights of those componentsof new, i.e., not
participated in the updating of orbit, observations that did not pass
the earlier mentionedminimizationrough selectionare set to zero as
well. The other components of the new observations participate in
the � rst pass of minimization with their weights calculated accord-
ing to Eq. (18), under the assumption that they are not abnormal.

Before each next pass the possible abnormality of all of the com-
ponentsof all of the measurements (the old as well as the new ones)
is tested by comparing the square of the normalizeddifference[cor-
respondingadditive in Eq. (18)] to the point of the minimum to the
low threshold(equal to 10). The weightsof thuslydetectedabnormal
componentsare set to zero, and previouslymistakenlyexcludednor-
mal components are reincorporated into the process with restored
weights. If the current minimization reveals that all of the weights
are chosen correctly the passes end.

The described algorithm is time consuming. Decisive reasons
to choose it were provided by the results of the modeling, which
revealed that this technique is more ef� cient than other robust pro-
cedures. It should be noted that if the percent of abnormal and alien
observations is large (¼20¡40% and more) and the initial orbit is
rough, the ef� ciency of this procedure declines abruptly and other
robust methods can be more effective.However, these situationsare
very rare in the practice of satellite tracking.1

Obviously, more ef� cient techniques can exist only when the
probability of the true selection of abnormal components is less
than 1. Hence, they exist only when the share of abnormal compo-
nents exceeds a certain threshold (usually 0.2–0.4). The limitation
of the used technique for this case is that the weights of the unde-
tected abnormal components are overestimated and the weights of
some of the normal components may be set to zero. More ef� cient
estimates for this case can be obtained, for example, using the fol-
lowing technique: the weights of the observationsfor each iteration
are not constant, but are certain functions of the residuals, which
rapidly decrease with their increase.

Further decision making depends on the reliability of the ob-
tained result. The reliability criteria must provide not only effective
selectionof abnormal and alienmeasurements,but the future steady
tracking of the satellite (if the informativity condition is satis� ed)
as well. These criteria are universal,meaning that they are used not
only in tracking, but in making the principal decision regarding the
existence of the new orbit as well. Thus, the reliability criteria are
the key elements of the whole catalog maintenance algorithm.

Without detailed treatment of the foundations (certain consid-
erations are presented in Sec. VII.A), we will formulate the basic
rule.

The solution is reliable when 1) it is obtained (see the preceding
section) and 2) the set of observations inscribed into the orbit is
complete.

The observation is inscribed into the orbit in the case where three
of its most accurate components have nonzero weights. The set of
observationsis complete when it containsat least threeobservations
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for three different revolutions.The features of complete sets of ob-
servations are treated in more detail in Sec. VII.A. Updating occurs
when the solution is reliable and at least one new measurement is
inscribed into the orbit. If the updating took place, the selection of
alien observations is ful� lled. To do it, all of the observations are
correlated to the obtained orbit. The decision function is the same
as the procedure used for preliminary correlation of the measure-
ments and objects (see Sec. V). Selection of the alien observations
is needed because, if the informativity condition is disturbed, mis-
takes can occur in the preliminary assignment of the observations
to tracked satellites. This selection is possible because preliminary
assignmentof the measurements uses extrapolationof the orbits for
calculation of the residuals. After the orbit updating, the interpola-
tion is used. Interpolationerrorsare smaller, and, thus, thegatesused
for making decisions according to Eqs. (15) and (16) after updating
are also smaller.

To avoidmistakesin thedecisionmakingcausedby unpredictable
changes of the satellites’ parameters (see Sec. VI.E), a decision
regarding correlation of certain measurements is made only when a
more recent observation, inscribed to the orbit, exists.

If the observationis not consideredalien, but some of the weights
of the components are nulli� ed, it is consideredrelated to the object
and its zero-weight components abnormal. Abnormal observations
take part in subsequentupdatingof the orbit, and previousdecisions
may be changedin the course of this process(new anomaliesmay be
found, the old ones may vanish, the observationmay become alien).

Alien observations are subjected to one more preliminary cor-
relation with all of the tracked cataloged objects, excluding the
considered one and those with regard to which similar decisions
were made. Such an observationmay perform a rather sophisticated
journey before it is � nally attributed to some satellite or consid-
ered uncorrelated.Usually such situations occur at the initial stage
of orbit detection for the fragments of a multielement launch or a
breakup or in the case of small-sized objects’ conglomeration.

As we have already mentioned, the reason for the appearance of
alien observations is the disturbanceof the informativitycondition.
In the situations treated earlier, the tracking procedure is capable of
overcoming the consequences of such disturbances and the breaks
of tracking are avoided. In practice this situation is typical. More
rare are the situations when no reliable solution is obtained in the
updating of an orbit. Then break of tracking occurs. This satellite
is then excluded from the tracking process (correlation with it is
prohibited), and its observationsare forwarded to recorrelationwith
other objects. Some of these observationsmay be further correlated
with other satellites,and the othersare consideredto be uncorrelated
and transferred to the detection procedure.

If the observations transferred to the detection process will be
incorporated to certain preliminary determined orbit, the orbit of
the satellite excluded from the tracking process will be renovated
(identi� cation by number), and prohibition of correlation will be
cancelled.

The failure in making reliable decisions is usually caused by
disturbancesof the informativitycondition.The tracking algorithm
can not overcome these disturbances and is not able to select alien
measurements from the own ones. Break of tracking occurs, and
the object is transitioned to the detection process, which is a more
powerfulprocedure,providingthequestformeasurementsproduced
by one and the same object by means of exhaustive search.

E. Unpredictable Variations of Parameters
During satellites’ tracking their parameters may be subjected to

variationsnot adequatelyaccountedfor by the used predictionalgo-
rithms. These variations may be caused by the following: 1) satel-
lite’s engine thrusting, 2) changes of orientation, 3) satellite frag-
mentation, 4) powerful geomagnetic disturbances, 5) decay of the
satelliteduringre-entering,and6) in� uenceof disregardedperturba-
tions (light pressureand lunar and solar gravitationalperturbations).

To provide tracking under these conditions means that the fol-
lowing tasks must be solved: 1) assurance of the observations’cor-
relation stability, 2) timely detection of changes in the parameters
and determination of their origin, and 3) assessment of the charac-
teristics of the variations and the a posteriori orbital parameters.

Let us describe the relevant procedures.
Correlation of the observations is when parameter changes result

from respective widening of the gates for time difference ±¿ . For
the maneuvering objects, the correlation decision function is modi-
� ed as well. In addition to the measurements satisfying the criteria
of Sec. V, with such satellites we correlate the observations, un-
correlated (with regard to all tracked objects) but differing in their
parametersfrom the object’s parametersby notmore thana speci� ed
amount, de� ned by maneuvering capabiloities and the time passed
since the maneuer was performed.

Detection of the change of the parameters is performed after se-
lection of the abnormal and alien observations, on the basis of the
number of last observations in a row not inscribed into the orbit
and the time interval of these observations. The parameters of the
decision function are chosen experimentally according to the re-
quirements for the frequency of false detections and missing the
changesand the need to provide steady trackingof the satellite after
its parameters have changed. These requirements are different for
different satellites and for various factors responsible for variation
of the parameters.

The cause of the occurredchangeof the parameters is determined
after the detection of this fact. The foundationsof the algorithm are
as follows. Only some satelites are capable of maneuvering. The
objects, subjected to signi� cant propagaton errors due to disregard
of lunar, solar, and light pressure perturbationscan be distinguished
by orbital parameters and their evolution. The changes of orieta-
tion are possible either for known operational satellites or for the
objects close to reentry. However, for other satellites subjected to
atmospheric drag, we do not reveal simultaneous variations of pa-
rameters. Finally, under geomagnetic storm conditions, simultane-
ous one-way varation of ballistic coef� cient estimations occurs for
all objects in� uenced by atmosphericdrag. In particular, it provides
for timely detection of a geomagnetic storm, the assessment of un-
predictable temporal variations of the atmospheric density, and for
the possibility of accounting for this variation in the calculations
of the gates for preliminary observations-to-satellites assignment.
Other reasons for the changes of parameters can be identi� ed by
special analyst efforts.

If the change of parameters is detected and its possible origin is
identi� ed, the evaluation of its characteristics and new orbital pa-
rameters is ful� lled. To do this, based on postvariationobservations
(the set of last not-inscribedobservations in a row up to the � rst in-
scribed), theprevariationorbit,and thea prioridataon themagnitude
of variation, the new orbital parameters are estimated using mini-
mization of function (18). A posteriori parameters of the alteration,
in particular,maneuver time and momentum, are evaluatedcompar-
ing the resulting orbit to the last one obtained before the change.

Some speci� c features of the algorithm are as follows. The most
important are the issues of using the a priori data and the problem
of obtaining a reliable solution. Usually the estimation, based on
observationsprior to the parameter’s alteration, is used as the vector
of a priori parameters in Eq. (18). The weights of the a priori data
for maneuvering satellites depends on available data characterizing
a possible maneuver and for not maneuvering, on the origin of al-
teration, and on its characteristics, in particular, the magnitude of
unpredictablevariation of the atmospheric density.

To obtain the reliable solution after the change of parameters (es-
pecially following the maneuver) is rather dif� cult due to substan-
tial errors in initial values (a priori parameters), few observations,
and increased probability of the presence of alien measurements.
Therefore, to select alien observations prior to minimization, time
differenceswith the a priori orbit and the data on the possibilitiesof
the observationsare used.

After minimization of Eq. (18) using the selected observations,
the reliability condition is tested. In general the reliability criteria
are similar to those described in Sec. VI.D, taking into account that
the a priori orbit is considered to be an additional measurement.

When the reliablesolutionafter changeof parameters is obtained,
further updating of orbit is ful� lled in the conventional manner. If
the reliablesolutionafter alterationcan not be obtained, the tracking
of the object is recovered via the detection process according to
the general procedure described in Sec. VI.D. Only postalteration
observationsare returned to the preliminary correlation.
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Finally, note that the not intensive variations of parameters may
not be detected. In these cases, conventional tracking is carried on
automatically taking into account speci� c features described in the
next section.

F. Adaptation for the Errors of Observations and Prediction
A statisticaldescriptionof the errors in themeasurementsandpre-

diction is not completelyknown.Sometimes the uncertaintyis rather
great. For example, reliableknowledgeexistsonly for the maximum
values of abnormal errors. In other cases, the level of uncertainty is
lower. The parametric character of uncertainty is possible, i.e., the
type of the distribution may be known, but it comprises unknown
parameters that can be considered the interferingparameters for the
decision making task.

To account for the abnormal errors, the minimax approach was
found to be effective, and it was employed to design the decision
function for correlation of measurements with tracked satellites.
However, this approach is too rough to handle the parametric un-
certainty. It is expedient to use more accurate techniques.

Let the vector of interfering parameters be b. The updating of
orbits, i.e., of the basic parameters a D .a1; a2; : : : ; ak/, where k is
the number of objects, is carried out on in such a way that in the
course of data processing the interfering in� uence of parameters b
will diminish.

An effective technique for solving this task is the adaptive Bayes
approach, described by Repin and Tartakovsky.6 This method sug-
gests that the estimation Oa D . Oa1; Oa2; : : : ; Oak / of thebasicparameters
is done by minimization in the complete set (basic and interfering)
of parameters a and b of the functional

U .X; a; b/ D
k

l D 1

U l .al / (19)

where X is the complete set of observations for all tracked objects
and U l.al / is the functional similar to Eq. (18), based on the obser-
vations of the lth object.

To � nd the solution we use the dynamic variant of the simple
relaxationtechniquefor minimizationof nonlinearfunctions,where
iterations in various parameters are replaced by iterations in time,9

which means

Oa.s/ D argmin
a

U .X0; X1; : : : ; Xs; a; Obs ¡ 1/ (20)

Obs D arg min
b

U X0; X1; : : : ; Xs ; Oa.s/; b (21)

where Xs is the set of measurements acquired during the interval ¿s

where ¿0 , ¿1 : : : ; ¿s , are consequent nonintersectingtime intervals.
The procedure is recurrent in time processing. Its most time-

consuming part Eq. (20), performs independent processing of ob-
servationsattributedto variousobjectsaccordingto the conventional
mode using the estimation Obs¡1 obtained earlier of the interfering
parametersb. Joint processingof observationsfor variousobjects is
done by a much simpler procedure,based on Eq. (21). The acquired
estimates Obs of b are used at the next step for the new portion of
observationsXs C 1 .

To create a realistic algorithm, we must specify the composition
of vector b. Vector b can be represented as b D .b1; b2/, where b1

are parameters depicting prediction errors and b2 are present ob-
servation errors. Now consider each of the two components b1 and
b2. The major prediction errors are caused by atmospheric pertur-
bations. They are de� ned by the errors in the prediction procedure
model ½m .h; t/ of theatmospheredensity½.h; t/, where h is altitude
and t is time, and the behavior of the ballistic coef� cient kb.t/. It is
assumed that ½m .h; t/ is given by the Russian model,7 and kb.t/ D
const. The values ½.h; t/ and kb.t/ are incorporated into the equa-
tions of motion as multipliers. Thus, there is no need to evaluate
them independently.It is suf� cient to update the value A D ½kb for
each object individually.For convenience, instead of A we will use
the parameter s D A=½m D kb ¢ ½=½m , which may be called the
matching ballistic coef� cient. It is one of the basic parameters to

be assessed.The interferingcomponent is the unknown root-mean-
square deviation ¾s of its error or the value ® D ¾s=s that is more
suitable for the analysis.

The value ® directly in� uences the observations’ weights in the
minimized function (18) because, for extensive propagating inter-
vals, Q¾v ¼ 0:5®j1T jN 2

pr, where 1T is the decline of orbital period
per revolution, Npr is the propagation interval (in revolutions), and
Q¾v is the root-mean-squaredeviation of the prediction error (along
the track). Overestimation of ® will result in incomplete use of
the observation data and in decrease of tracking accuracy that can
consequently produce (if close objects exist) breaks of tracking.
Underestimationof ® (overly optimistic treating of propagation er-
rors) can produce breaks of tracking even in the absence of close
satellites.

Observation errors have normal and abnormal components. The
unknown parameters of abnormal errors, for example, their max-
imum values, do not affect the quality of tracking, because their
weights are set to zero in the process of abnormal components se-
lection. Only the unknown parameters of the normal component
distribution interfere: the mean (bias) m x and the root-mean-square
deviation¾x . The errors in the parameters involved in orbit updating
m x and ¾x result in incorrect observations’weights in Eq. (18) that
can produce breaks of tracking.

Thus, the vector b of interfering parameters is

b D .®; m; ¾ / (22)

where ® D .®1; ®2; : : : ; ®ka / where ka is the number of satellitesaf-
fectedby atmosphericdrag and ®l is the root-mean-squaredeviation
of relative error of the estimation of matching ballistic coef� cient
for the lth object (l D 1; 2; : : : ; ka ), and

m D m1; m2; : : : ; mkt

¾ D ¾1; ¾2; : : : ; ¾kt

where mi and ¾i are the biases and the root-mean-squaredeviations
of the observation errors for i th sensor, where kt is the number of
sensors.

Now consider the realistic algorithmbased on Eqs. (20) and (21).
The estimationof parameter® for any atmosphere-affectedsatel-

lite is ful� lled together with evaluation of the basic parameters a.
We solve the equation f1.®/ D 1, where f1.®/ is the normalized
sum of the components of functional (18) for the point of the mini-
mum (functional for unit weight) for the most accurate parameters
of the observations.The equation is solved iteratively.We start with
evaluating parameters a by minimization of Eq. (18), where the
weights of observationsare calculatedusing the initial (obtained by
the last updating) value ®old. Then we correct the estimate of ® ac-
cording to the formula ®new D ®old

p
[ f1.®old/] and the weights are

recalculated. If the correction was essential, minimization of 8.a/
is repeated. Otherwise, the iterations are � nished.

This procedure is used only for satellites substantially affected
by atmospheric drag, i.e., for those having propagation errors (in
most accurate observationcomponents) essentiallygreater than the
errors of the observations themselves.

Analysis of the characteristics of this procedure reveals that, in
the course of tracking, the value ® may vary within certain limits
from®min to ®max. The weightsof the observationsvary respectively,
and, hence, the effective memory of the algorithm changes. Thus,
the procedure is adapting to the changes in the environment, that is,
to the variations of atmospheric density and the satellite’s ballistic
coef� cient. The magnitude of ®min is satellite dependent and varies
from several percent up to tens of percent. The magnitude®max may
be up to hundreds of percent.

Evaluationof parametersm and¾ for anysensoris doneaccording
to the standard formulas [immediately following from Eq. (21)] for
evaluating the mean and the variance on the basis of a sample of
differencesbetween observedand estimatedvalues of observations’
parameters. Outdated observations are not used in these formulas.
Thus, temporal variationsof m and ¾ are accounted for by adapting
to the real situation and reducing the interfering in� uence of these
factors.
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VII. Detection Process
Sections V and VI described the tracking algorithm that results

in ef� cient catalogmaintenancewhen the informativitycondition is
satis� ed. For certain situations, this procedure is capable of solving
the taskevenwhen theconditionis notmet. However, thehandlingof
the observationsproducedbyuncatalogedsatellitesand the recovery
of lost satellites are beyond the capabilities of this procedure. The
rationale is the absence of suf� cient a priori data to ful� ll ef� cient
correlation of the observations using the algorithm for preliminary
correlation of observations to satellites.

The detectionalgorithmis free from these limitations.No require-
ments for the accuracyof the a priori data are posed here.These data
may even be absent. The only requirement is that the informativity
conditionmust be satis� ed for some time. Then it will be possibleto
assign the uncorrelatedobservations to the satellites and determine
their orbits with suf� cient accuracy for further steady tracking.

In this sensewe can say that the detectionalgorithmsolvesa more
general task than the tracking procedure, and the tracking process
is a particular case of detection process. However, the breaks of
the informativity condition and the consequent employment of the
detection procedure are of local character. Therefore, the detection
procedureis only usedoccasionallywhereastrackingis a continuous
process.

The assignment Âtr of measurements to objects satisfying the
informativity condition is rather dif� cult in the detection process.
An exhaustive search over all possible arrangements must be per-
formed.This search is time consuming,and this is the main obstacle
for implementation of the algorithm. Ef� cient organization of the
exhaustive search is the essence of the procedure.

A. Complete Groups of Observations
For further considerations, the concept of a complete group of

observationsis important.This conceptwas mentionedin Sec. VI.D
in the discussionof reliabledecisionmaking in the updatingprocess.
Let us consider this issue in more detail.

A set of measurementswill be consideredcomplete if the follow-
ing two conditions are satis� ed: 1) the reliability condition, where
all of the measurementsof the set inscribe into the orbit, determined
using them and the probability that not all of the measurements be-
long to one satellite is small, and 2) the accuracy condition, where
the orbit determined on the basis of the measurements of the con-
sidered set provides ef� cient correlation of future observations.

The complete groups of measurements are rather important.
Whenat leastonesuchgroupis discovered,thedetectionof the satel-
lite that produced the measurements of this group is not a problem.

The minimalcompletegroupsareofmajorinterest,i.e., thegroups
comprisinga suf� cientminimumof observations.One measurement
cannot form a complete group because its accuracy cannot ensure
steady tracking.To make this situationpossible, the maximal errors
in velocity must be at least two orders of magnitude less then the
errors of the existing Russian detection radars of decimeter band.
At the same time, the reliability condition for one measurement is
ideally satis� ed automatically. Therefore, the availability of more
precise measurements will essentially simplify the detection task,
and the existence of the very precise measurement will make it
trivial.

Two measurements,without rough errors and extended for a sig-
ni� cant time interval(one revolutionor more), producea much more
accurate orbit. However, they will not satisfy the reliability condi-
tion because the errors of propagation of one of them to the time of
the secondone are so large that a miscorrelationof alienobservation
may occur within this interval.

Finally, for three measurements without rough errors and with
the time interval between any pair of them not less than one revolu-
tion, both conditions are satis� ed. The accuracy condition usually
is already satis� ed for two boundary measurements.The reliability
condition is also satis� ed because the correlation gates determined
by the orbit resulting from two boundary observations within the
interval of their respective timings will have the magnitude of ob-
servation errors and will not let in the alien observations.

These considerationsare certainly of plausible character and are
not strict. However, they are veri� ed not only by analytical studies,
but by practice as well.

It should be mentioned that, though rare, situations exist when
three measurements for different revolutions, but belonging to dif-
ferent satellites, inscribe into the created orbit. Thus, the modeling
revealed that in the case when the boundary (regarding the timing)
measurements belong to different fragments of a breakup they are
often united into one orbit, and that occasionally a measurement
from some third fragment can be inscribed into it. However, this
situation is realistic only for the initial stage of the breakup, when
shares of the observed fragments have not yet separated from one
another,and all of them are orbitingwithin one tube. Later the prob-
ability of such an event becomes small.

Also rare, but real, are the situations when three or more mea-
surements (for different revolutions) from one satellite inscribe into
the orbit, but this orbit is not suf� ciently accurate. The example is
provided by the case when a small-sized object is observed by only
one sensor with the regularity of one and the same (rather great)
number of revolutions. These situations are also rather rare. How-
ever, in case such a situation occurs, further decision making may
be disturbed.

The search for the minimal complete groups of observations,i.e.,
comprising three measurements, is the main task to be solved by
exhaustive search over the uncorrelatedmeasurements.

Assume that the minimal complete group is discovered and that
the correspondingorbit is determined. Then according to the infor-
mativitycondition(it must be supposedto be satis� ed, otherwise it is
too early to start the detectionprocessand we are to resumeaccumu-
lation of uncorrelatedobservations) only the own observations can
inscribe into this orbit, being selected among all uncorrelated ones
by the correlation procedure described in Sec. V. When all of the
measurements corresponding to the determined object have been
exhausted, the search for the complete group is performed again
with the remaining uncorrelatedobservations,and the process con-
tinues until either no measurements remain, or those remaining do
not constitute a complete group.

The resulting rather simple procedureof correlatingthe measure-
ments to the objects is called the exhaustive technique. We will
discuss some issues of its implementation subsequently.

B. General Structure of the Algorithm
The general structureof the detectionalgorithmis now discussed.

The initialdata fordecisionmakingare the set of uncorrelatedobser-
vations Mut . The array of uncorrelated observations comprises the
observationson the following:1) arrived-in-spaceobjects,generated
by launches, separations,and breakups; 2) tracked satellites in case
of breaks of tracking or a discrepancy between the actual observa-
tionerrorsand the acceptedmodel; 3) unknownto theSSN satellites,
resident in their orbits for a long time, but not observed before (note
that such satellitesmay becomeobservabledue to commissioningof
new sensors or the upgrading of the old ones); 4) tracked satellites,
when there is a discrepancybetween the actual observationor prop-
agationerrors and the modelused for assignmentof the observations
to the satellites; and 5) nonexistentobjects,which appear as a result
of on-site determination of orbits based on noise registrations.

The observationsthat enteredMut due to the � rst three causescon-
stitute the set MC

ut . They contain useful unformation that is needed
to solve the detection task. The last two groups of the observations
constitutethe set M¡

ut . These measurementsare the interferingback-
ground for solving the task.

The shareof the observationsin M¡
ut comparedto the total set Mut

is rather important because the basic characteristicsof the detection
algorithm(the probabilityof miss, the frequencyof false detections,
and computation time) depend on this factor.

The probabilityof missing the own measurementsin thecourseof
preliminary measurements-to-satellites assignment is ¼0:001, and
the share of uncorrelated measurements is ¼0:01 (Ref. 1). Hence,
the share of the measurements in M¡

ut compared to Mut is ¼0:1
(assuming that the share of the observationsof nonexistent objects
is small).

The detection task is being solved periodicallyin real time. Thus,
the set Mut can be divided into two parts: Mold

ut and Mnew
ut . The set

Mold
ut comprises the previouslyacquired (old) observationsthat have

been processed by the detection procedure earlier and were not
incorporated into the previously determined orbits. The set Mnew

ut
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comprisesthenewlyacquiredobservationsthathavenotparticipated
in the detection process yet.

The detection program could be initiated just after the arrival of
only one observation,xnew , in Mnew

ut . However, this is not done. The
processing of the observationxnew is postponed for a revolution for
the followingreason.If we are processinga new launchor a breakup,
in the course of approximatelyone revolution the measurements on
all of the observable fragments of the launch or the breakup will
enter Mut and the detection problem will be solved more ef� ciently.
In this sense a longer delay, for example, of one day would be even
more effective.However, this will lead to a signi� cant (quadratic in
time) increase in the computation time causing a subsequent delay
in data processing and other unwanted effects.

The detectionprogramcode starts runningautomatically,without
involvingany manual operations.When the a priori data on the cer-
tain event in space is available, the analyst can interfere with the
detection process. Sometimes this interference is limited to just the
input of these data, and further processing is performed automat-
ically. However, sometimes the analyst interferes in the detection
process directly, using the autonomous program codes operating in
an interactivemode. We consider only the automatic mode.

Let the decisionto run the detectionprogramcodebe made for the
newobservationxnew . Then the dataprocessingscheme is as follows:
1) preliminaryselectingof the tripletsconstitutingthe measurement
xnew; 2) determinating the primary orbit using the selected triplet;
3) selecting (from Mut ) the measurements, inscribing into the orbit
determinedby the triplet,andupdatingof thisorbitusingthe selected
measurements; and 4) testing the reliability of the updated orbit.

If the search is successful and we manage to determine the orbit
that satis� es the reliability condition, the search using the measure-
mentxnew as a leadingone is stopped.The leadingmeasurementxnew

is replacedwith the the next new observationfrom the set Mnew
ut , and

the search starts again. The measurements incorporatedinto the de-
termined orbit do not participate in the next selectionof the triplets.
The process continues until all of the measurements constituting
Mnew

ut are processed.
Actually, not all of the new satellites (generated by a launch or a

breakup) are observed equally, despite their orbits being close. The
main causes are the different separation velocities, different sizes,
andorientation.Thus,for certainobjectsthe lackof themeasurement
data can occur, and the informativitycondition will not be satis� ed.
Also even when the informativity condition is satis� ed for all of
the new objects, the solution provided by the already described
draining procedure, generally speaking, does not coincide with the
solution,which can be obtained using an exhaustive search. Hence,
it is possible to generate an orbit on the basis of three measurements
produced by different satellites.

To reduce the probabilityof generating such false orbits, the fol-
lowing technique is used. When we select from the set Mut the
measurements, inscribing into the next orbit determined using the
triplet, all of the measurements from Mut participate in the pro-
cess (including those that are already � xed to the orbits determined
previously on the basis of other leading measurements). The aris-
ing disputable measurements are assigned to the orbits closest to
them.

When theprocessingof all of thenewmeasurementsis completed,
some measurementsmay be taken away from certain orbits by other
ones. Therefore, the robbed orbits are again tested for reliability.

The measurements assigned to reliable orbits are removed from
Mut , and these orbits enter the process of preliminary tracking.Dur-
ing this phase, the tasks of orbital and satellite identi� cation must
be solved (as mentioned in the Introduction). The next four sections
describe the aforementionedparts of the automatic algorithm.

C. Preliminary Selection of Triplets
Each day ¼400 observations are added to the uncorrelated mea-

surements’ � le.10 The time intervals needed to detect certain satel-
lites may extend to 1–2 months. Thus, the number of observations
accumulatedin the � le of uncorrelatedmeasurements is on the order
of thousands.Hence, the search for the tripletsof measurementsthat
constitute complete groups is not a simple task. The task is not easy
because the possible number of the combinationsof three measure-

ments that include the consideredobservationxnew is of the order of
106–108 . Thus, it is expedient to exclude immediately the measure-
ments that surely have no relation to the satellite that produced the
observation xnew .

The parameters i; Ä, and T , which can be rather accuratelycalcu-
lated using the measurement [the errors are rather small (see Sec. II)
and the evolution with account of these errors is also rather simple]
are used for this selection.

After this selection, the remainingobservationssatisfy the condi-
tions: jin ¡ i j < ci , jTn ¡T j < cT , and jÄ C .tn ¡ t/ PÄ ¡ Än jmod2¼ <
cÄ, where the parameters with the subscript n correspond to xnew

and without the subscript correspond to any measurement from
Mut .

Here ci ; cÄ, and cT are the selectiongates.Their valuesdependon
the sensors that produced the involved measurements, on the radar
cross-sectional measurements (included with the observations of
certain sensors), and on the difference in time betwen the observa-
tions and the parameters of the satellite. The ranges for the gates
ci ; cÄ , and cT are respectively 1–5 deg, 1–100 deg, and 5–250 min.
Parametersof these relationshipsare chosenexperimentally.The re-
quirement is that the probabilityof excludingthe measurementpro-
duced by the same satellite that producedxnew must be less than 0.1.

The set of the remaining measurements can be called the group
of the measurement xnew . Only the observations of this group par-
ticipate in the search for triplets. The number of measurements in
the group of xnew is much lower than the whole array of uncorre-
lated measurements. However, even for a typical situation when no
new objects are observed in space, this number may exceed 100.
Therefore, it is reasonable to perform the preliminary selection of
triplets, without using precise prediction and the minimization of
functional (18), within the group of xnew .

To select the triplets, surely not corresponding to one and the
same satellite, we use the time parameter or, more accurately, the
time tu when the satellite reaches a certain argument of latitude u
within the revolution corresponding to the observation. Parameter
tu can be calculated from measurement with insigni� cant method-
ical error using simple Keplerian formulas. The value of u, used
in the calculations for all tested measurements, is the mean of the
arguments of latitiude for these observations.

Selection is performed comparing the value tu corresponding to
the middle (with respect to timing) observation of the triplet to its
estimate Otu calculated using two boundary observations (the left,
with mininum timing, and the right, with maximum timing). The
formula for calculating Otu is

Otu D pt.C/
u C .1 ¡ p/t .¡/

u ; p D M=N (23)

where t .C/
u and t .¡/

u are the times when the satellite reaches u for
the revolutions,correspondingto the boundary (right and left) mea-
surements of the triplet; N is the number of the revolutionsbetween
the boundary measurements; and M is number of the revolutions
between the left and the middle observations (N > 1, M < N ).

The condition for selection is as follows:

jtu ¡ Otu j < cu (24)

where cu D ±tu C p±t .C/
u C .1 ¡ p/±t .¡/

u is the gate dependingon the
errors ±tu; ±t .C/

u , and ±t .¡/
u in the determination of tu ; t .C/

u , and t .¡/
u .

Actually,thenumberof the revolutionsN betweenthe two bound-
ary observationsis determinedwithin the interval( NN ¡kud ; NN Ckud ),
where NN is the estimate of N on the basis of boundary measure-
ments and kud is the uncertainty factor. Thus, inequality (24) is to
be tested for each N 2 . NN ¡ kud ; NN C kud /.

The values NN and kud are calculated using the formulas

NN D
t .C/
u ¡ t .¡/

u

QpT .¡/ C .1 ¡ Qp/T .C/

kud D
NN Qp±T .¡/ C .1 ¡ Qp/±T .C/

QpT .¡/ C .1 ¡ Qp/T .C/
(25)

where [A] is the integer of A (rounded off); T .¡/ , T .C/ , T .¡/ , and
T .C/ are the orbital periods calculatedusing boundary observations
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and their errors; and Qp is the weighing coef� cient, which for known
variances ¾ 2

T .C/ and ¾ 2
T .¡/ of the errors ±T .C/ and ±T .¡/ in the de-

termination of the values of T .C/ and T .¡/ can be calculated using
the formula Qp D ¾ 2

T .C/ =.¾ 2
T .C/

C ¾ 2
T .¡/ /.

If kud D 0, there is no uncertainty and N D NN . As we have
alreadymentioned in Sec. II, for meter-sized satellites±T ¼ 1 min.
Thus, the uncertainty in the number of revolutions occurs when
N ¼ 50 (3–4 days). In practice this situation is rare. However, for
small-sizedobjects, the uncertaintyarises even for N ¼ 10, and this
situation is typical.

The triplets are processed in the following way. One of the ob-
servations is known. This is the observation xnew (at the right end
of the interval). The left observations are selected according to in-
creasing time, starting from the most remote (the oldest). For the
� xed left measurement, the intermediatemeasurementsare selected
under the condition that all three measurements must belong to
different revolutions. Finally, when the left and the intermediate
measurements are � xed, the search through all possible values of
N 2 f NN C i; i D 0; §1; §2; : : : ; §kud g is performed. The selected
triplet is forwarded to the primary orbit determination procedure
along with the obtained estimation of the number of revolutions
between the boundarymeasurements.If the three selected measure-
ments remain connected for k different values of N , the calculation
of the primary orbit is performed k times.

The values cu and kud are the basic parameters of the algorithm.
Theymust be calculatedunderthe requirementthattheprobabilityof
missing the detection must be suf� ciently small. (The speci� c value
of the tolerable level for this probabilitydepends on the importance
of the object. However, its value is always less than 0.1.) However,
the values of cu and kud calculatedunder this assumption, for rough
and signi� cantly distant in time measurements, may lead to false
detections. When the group xnew contains many measurements, the
computation time may be unacceptablylong. Therefore, in practice
the limits cu;max and kud;max are posed for these parameters.

The determination of cu;max and kud;max was not a simple task be-
cause the increase of these parameters produces an abrupt increase
in computation time. A thorough analysis performed using the real
data and modeling resulted in an acceptable compromise. The cho-
sen valuesof cu;max and kud;max are the functionsof the numberof the
measurements in the groupof the measurementsxnew , the numberof
the new (notused previouslyin thedetectionprocess) measurements
in this group, and the density of the uncorrelated measurements in
the phase– time domain D D fi; Ä; T ; tg.

Whenmostof the satellitesgeneratedby the last eventsare already
detected (the usual situation), cu;max ¼ 1 min and kud;max D 40.

D. Primary Determination of Orbit
If the tripletof observationshavepassed the preliminaryselection

the attempt to determinetheprimaryorbit is made. To solvethis task,
the functional (18) is minimized, where m D 3; r D 1, and QK p D 0.
Let us discuss this procedure.

For the calculation of U at the point a, the analytical prediction
procedure is used that accounts for all of the zonal harmonics of the
geopotential through the sixth, the second tesseral, and the static
model of the atmosphere with the parameters, depending on the
index of solar activity F10:7 (Ref. 3, algorithm A).

For the minimizationof U .a/, the combinationof Gauss–Newton
and the steepestdescent techniques(described in Sec. VI.C) is used.
The matricesof the partialderivativesof the observationparameters
with respect to theorbitalparametersare calculatedusing the analyt-
ical formulas that include the second zonal harmonic and the static
model of the atmosphere. The matrices are recalculated each time,
when the point for which the value of the functional is calculated
changes.

In U .a/, the a priori data aa and Pa are incorporated.They assist
the convergence of the process and also can be used as the means
for the control. The � rst six componenets of the vector aa are the
parameters of the initial approximation, and s D sa , where sa D
10¡10 km3=s2kg. The weights p of the squares of the residuals with
the a priori data have the values corresponding to the errors of the
initial approximation. The parameter s is not updated (the speci� c
choice of ps is used).

We consider that the primary orbit is determined when the it-
erations converge to the point Oa; U . Oa/ < c8 (in addition to this
check, the value of the functional,calculatedusing only the three or
four most accurateparametersof each of the measurements, is com-
pared with the threshold Qc8 ) and the obtained solution dominates
the competing ones. Actually, the absence of a dominating solution
is a rare case even when the time interval between the neighboring
measurements is about 1 month. This situation occurs for a satellite
observed by only one sensor under the speci� c condition that the
passes through the � eld of view repeat regularly with an interval of
one or more revolutions. Normally the observations arrive irregu-
larly, and the uncertainty in the number of the revolutions can be
removed. The competing orbits are the orbits determinedon the ba-
sis of the same triplet for the other values of N (that have passed
the preliminary selection). Dominating means that the orbit � ts the
measurementssigni� cantly better, i.e., the value of U . Oa/, compared
to the competitors,is not less than k8 times smaller. The parameters
Qc8; c8 , and k8 are chosen experimentally ( Qc8 ranging from 10 to
200, c8 from100 to 10,000,and k8 from10 to 100). They dependon
the perigee altitude, orbital eccentricity, and the maximum density
of the observationsof the group xnew in the phase– time domain.The
key aspect of the algorithm is the techniqueof generatingthe initial
approximationa0 for the vectora in the process of the minimization
of U .a/ because its accuracy determines the convergence rate for
the iterative process.

The parameters Qa determinedusing one measurementcan be used
as the initial approximation.If this observationhas no rough errors,
and other measurements participating in the minimization are lo-
cated in the neighboring revolutions, the iterative process of mini-
mization, as a rule, converges to the absolute minimum. However,
usually the real situations are different; convergencedoes not occur
or the process converges to an extraneous minimum U .a/.

The major factor hampering the convergence is the signi� cant
error in the orbital period, calculated using the measurement. The
following technique can be used to reduce the errors in the orbital
period for the initial approximation.

The process of triplets’ selectionproducesthe draconicperiod TÄ

TÄ D
tC
u ¡ t¡

u

N
(26)

Note that the accuracy of calculating the draconic period using
Eq. (26) is veryhigh.Even for NN D 1, the error is severaltimes lower
than for the calculations using one measurement. With the increase
of NN , the error linearly decreases to the value of ¼0:01 min.

Further,TÄ can be transferredto the osculatingT using the known
formulas, including the second zonal harmonic of the geopotential.
By using T , the value of L is calculated, and then in the initial
approximation of the vector Qa the value QL is replaced with L. How-
ever, studies, based on real data on small-sized satellites, revealed
that this operation does not ensure reliable convergence, i.e., not
less than 90%. We need to � nd the way to reduce the errors of other
parameters as well.

The investigationdemonstratedthat, in this situation,any param-
eter of vector Qa affects the convergence. Thus, the problem of the
choice of the initial approximation virtually becomes the equiva-
lent of the primary task of orbit determination. The obstacle can be
removed by the transition to the system of the parameters of the
observation xnew .

In this system the vector of orbital parameters has the form

x D .D; "; ° ; PD; P"; P° ; s/ (27)

The studies demonstrated that when the minimization of
U [a.x/] D W .x/ is performed not with respect to the orbital el-
ements, but with respect to the radar parameters of the vector xnew ,
using the xnew itself as the initial approximation, then for the cases
in which the convergenceproblems really arise, i.e., in the detection
of the small-sized satellites, the convergence is mostly in� uenced
by the errors in the angular velocities P" and P° . The parameters D, ",
° , and PD are already determined with suf� cient accuracy. Thus, we
have already obtained four of the six parameters needed for the ini-
tial approximation.However, we have the � fth parameter T , which
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is known with accuracy suf� cient to ensure the convergenceand in-
dependencefrom the parameters D, ", ° , and PD. Thus, the number
of the satellite’s parameters known with suf� cient accuracy is � ve,
and there is only one rough parameter.

The parameters P", P° , and T are in a functional relationship with
one another. This function is rather simple because the semimajor
axis a and the square of the velocity v2 are calculated from T and
v2 is a quadratic function of P" and P° .

Thus, we have only one rough parameter, which can be deter-
mined by the minimization of W .x/ in this parameter under the
� xed values of other parameters. This minimization is not dif� cult.
The classical combination of Gauss and the steepest descent tech-
niques (quickly converging) is used. For the initial approximation
the radar parameters of the vector xnew , one of the values P" or P° is
replaced with its value calculated from T . As a result we obtain the
missing sixth parameter of the initial approximation.

E. Calculation of Updated Orbits
Apart from the three selected observations, the � le of the uncor-

related measurements can comprise the other measurements that
inscribe into the primarily determined orbit. Therefore, they are
bailed out from the � le of uncorrelatedobservations.The procedure
described in Sec. V is used for this operation.

Then the orbital parameters are calculated using the algorithm
described in Sec. VI. All of the available measurements are used
(the three initial ones and the others correlatingwith the orbit). This
procedure is distinct from the algorithm used for the primary deter-
mination of the orbit on the basis of three observations.The number
of the used observations can be more than three, the weights of the
measurements are calculated taking into account the propagation
errors along with the observation errors, the initial approximation
is formed using the primary orbit, the more precise analytical al-
gorithm AP [or numerical–analytical algorithm (NA)11] is used for
propagation,the parameter s is updated, and the selectionof the ab-
normal and the alien measurements is ful� lled. Note that it is very
important to have the value of the weight Psa of the a priori value sa

of the matching ballistic coef� cient, correspondingto its real error,
which for the satelliteswith signi� cant sailingpropertiescan exceed
sa by 2–3 orders of magnitude.After one updating, the resulting or-
bit is normally more reliable and accurate.Therefore, the described
procedures are repeated for this orbit. The process continues until
the set of the measurements correlated to the orbit is empty.

The obtained updated orbits are tested for reliability. If the cal-
culations of the updated orbit did not produce an orbit reliable ac-
cording to the criteria given in Sec. VI.D, it is considered that the
primary orbit is not generated, and the search involving the mea-
surement xnew proceeds further.

When the processing of all of the measurements is completed,
the measurements of the determined and updated orbits may be
rearranged (see Sec. VII.B). Thus, the resulting orbits again are
tested for reliability, and only those orbits that have passed this
test succesfully are considered detected. The reliability criteria is
described in Sec. VI.D. Here we will clarify how the completeness
condition is tested.

We test the residualsbetweenthe observationsand thedetermined
orbit; the number of the measurements;which residualsallow them
to be inscribed into the orbit, i.e., the absolute value of the residual
1 is less than the threshold c1; and the number of the revolutions
where the inscribed measurements exist.

The parameters of the decision function (the thresholds c1 for
residualsin thedifferentparametersof theobservation,the threshold
cobs for the number of inscribed observations,and the threshold crev

for the number of revolutions with inscribed measurements) are
chosen to satisfy the requirementfor the frequencyof orbitupdating.
It must be not less than 0.8. The orbit is consideredupdated if either
its parameters are re� ned using new measurementsor it is identi� ed
with the newly detected orbit.

Parameters c1, cobs, and crev depend on the sensor, the interval
of radar tracking, radar cross section, perigee altitude h p , orbital
eccentricitye and the decline of orbital period per revolution1T of
the satellite, and the density of the observations Mut in the phase–

time domain.

F. Orbital Identi� cation
Before making the decision that a new object is detected,we must

be sure that its orbit is not the orbit of a previously cataloged, but
now lost satellite. This is the task of the identi� cation algorithm.

Orbital identi� cation, as well as the assignment of the measure-
ments to thecatalogedsatellites,is the taskof testingmultialternative
statistical hypotheses. Thus, the ef� cient solution of the identi� ca-
tion task is possiblewhen the informativitycondition is satis� ed for
the set of possible hypotheses. This means that, with regard to the
parameters for decision making, the distance to the true hypothesis
must be essentiallysmaller than the distancesto the competingones.
The errors in orbital parameters are several orders of magnitudeless
than the maximal observationerrors. Thus, the identi� cation task is
more likely to be solved ef� ciently than the task of observations’
correlation. In particular, it is possible to solve the task ef� ciently
for signi� cantly longer time intervals. The same factor determines
the rather simple structure of the algorithm.

The decision is made by comparing the differences ±a D a1 ¡
a2 D .±a1 , ±a2; : : : ; ±a7/ in the orbital parameters with the thresh-
olds 1a D .1a1 , 1a2; : : : ; 1a7), depending on the parameters of
the orbits and the time intervalsbetween them. (The expressionsfor
these thresholds are derived in Ref. 12.) For calculating the differ-
ences, the orbit of the cataloged satellite is propagated to the epoch
of the detected one. The uncertainty of identi� cation is removed
using the value ’ of the normalized distance between the orbital
parameters used in identi� cation, where

’2 D
7

i D 1

.±ai /
2

.1ai /2

The parameters of the decision function are chosen empirically on
the basis of extensive data stored for several years. The primary re-
quirement was to obtain a small probability of false identi� cation.
For distinction,note that theparametersof measurements-to-objects
correlation procedure are chosen to provide small missing proba-
bility.

To reduce the amount of calculations, the rough selection of cat-
aloged objects surely not identifying with the new orbit is done.
Parameters i; Ä, and T are used assuming that i is constant and that
the evolution of Ä and T is linear. The formulas for the gates are
derived in Ref. 12.

Identi� cation of any detected orbit is performed with all of the
cataloged satellites, both tracked and not tracked (having the � ag
prohibiting correlation). When the identi� cation decision is made,
the orbital parameters and observation data for the satellite are re-
newed, and the correlationprohibiting� ag is removed. Unidenti� ed
orbits are cataloged as new satellites. They will further participate
in catalog maintenancetogether with other catalogedobjects.How-
ever, their � nal destiny is determined later in the course of prelimi-
nary tracking, supervised by the analyst.

G. Working in Complicated Situations
The most complicated situation for the automatic detection pro-

gram is a satellite breakup. Breakup events are rather rare. In recent
years the annual number of breakups generating many observable
objects has been less than one. On 3 July 1996 the rocket-body
“Pegasus” (internationaldesignator94-29-2) exploded, and several
hundred fragments were observed.

When a breakup occurs, the number of uncorrelated measure-
ments increases drastically. The majority of the observable frag-
ments are small sized, and the orbits of the fragments are close.
Thus, the majority of the measurements produced by the breakup
after the preliminaryselection fall into one group. The breakuppro-
duces a peak load for the detection algorithm. The ef� ciency of the
algorithm is rather low, especiallywhen the breakupoccurs at a low
altitude because during the initial stage of the breakup the infor-
mativity condition is disturbed more often than it is satis� ed. This
is the cause for delay in detection. Some of the observed objects
even reenter prior to their detection.However, the proper use of the
breakup data improves the performance of the detection algorithm.
Let us consider the relevant techniques.
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Detection of the breakup event is possible on the basis of as-
sessment (monitoring) of the time–spatial density of the uncorre-
lated observations (using parameters i; Ä, and T ). In the case of a
breakup, this density abruptly increases.When the breakup event is
detected, the parameters of the decision function for testing the pri-
marily determinedorbits for reliabilityautomaticallychange within
the area of the breakup. The reliability criteria become more strict,
thus ensuring an acceptable level for false orbit detection.

Normally the satellite that suffered the breakup becomes lost. In
this event, its catalog number is present in the measurements of the
group that entered the detection process. Thus, this satellite can be
discovered.When there is no breakof trackingand thenew fragment
is tracked instead of the parent satellite, the preliminary discovery
of the parent can be performed using the analysis of the residuals
betwen the uncorrelated measurement and the orbits of relevant
satellites and the number of the alien measurements selected in the
process of updating their orbits.

When at least one new object is detected, the chances of deter-
mining the parent more reliably (in case it was previously tracked)
and determining the time of the breakup increase. These operations
are performed comparing the calculated positions of all of the de-
tected satelites (including the parent) for various times. Some of the
computation issues are discussed in Ref. 11.

If the parent satellite and the time of the breakup are known the
number of observed objects and their orbital parameters can be as-
sessed.To do this, the orbitalparameters,calculatedusingany of the
uncorrelatedmeasurementsassignedto the breakup,are updatedus-
ing the data at the time of the breakup.Then the twins corresponding
to other measurements produced by already determined fragments
of the breakup are removed.

The orbits calculated in this way are rather accurate. However,
the steady tracking of these orbits is often not possible due to the
high spatial density of observed objects. This is why they are not
transitioned to the regular tracking process. In the course of fur-
ther separation of the fragments, they are detected in the routine
manner and are identi� ed with the orbits obtained previously.Then
the tracking of these satellites begins.

VIII. Conclusions
The study presented leads to the followingmajor conclusion.The

methodologically uni� ed approach to the whole problem is very
useful for the development of the complex of algorithms for the
monitoring of satellites’ orbital motion.

This approach assumes the posing of the whole task in the most
general way: obtaining the principal solution and the informational
analysisof this solution taking into account the characteristicsof the
observedobjects and the performedmeasurements.This is the basic
principleof the present work. To our understanding,the methods of
statisticaldecisiontheoryundertheconditionsof a prioriuncertainty
are the best technique for this task. Thus, they are used as the basis
for the entire complex algorithm as well for its components.

The complex algorithm is rather sophisticated. In particular, 1)
in catalog maintenance procedures, the principal calculations with
the observations are performed in the radar coordinate system; 2)
all of the decision-making processes account for the possibility of
abnormal errors in the observations; 3) the primary determination
of orbits uses the time-consumingexhaustive search for the triplets
of uncorrelated measurements; and 4) the joint processing of the
observationsis used at all of the stages in the � nal decisions regard-
ing the assignment of the measurements and determination of the
orbital parameters.

Rejection of some of these principles for the sake of the sim-
plicity of the algorithm leads a decrease in the ef� ciency of catalog
maintenence.

Although the described approach is essentiallyuniversal and can
be used for other tasks, in particularfor catalogmaintenancein other
informational systems, the described algorithmsare directly related

to the featuresof the Russian network of sensors.For other systems,
the ef� cient solutions can be attained using different procedures.
Thus, for the systems with larger informational capabilities, for ex-
ample, for the U.S. SSN, similar tasks can probably be solved using
simpler techniques.
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